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I. Introduction 
The plotting of control ,-ystC111 frequency functions by lll('asnrernents is 
often met with serious difficulties. On the one hand there isn:t always an ade-
quate sinusoid-signal generator ayailable, on the other hand the system to })t' 
investigated cannot always he fed hy a signal '\'ith frequencies yarying oyer a 
,\,ide range. In such cases th(' frequcncy response may he determin('d hy differ-
ent approximation methods. By OIle clas:;: of these approximation I11('thods the 
system frequency response or transfer function is deterrnin('d on the basis 
of unit-step response that is from the output appearing under th(' effect of 
th(' unit-step input [L 2, 3]. 
Considering the serious calculation work required by thes(' processes it 
seems to he adyisable to approximate the giyen time responses of the process 
by assumed simpler time responses of models. 
--\. few years ago an approximation by the time response of a single time 
con"tallt model with dead time was u:;:ed in spite of tIlt' faet that short period 
deyiations were high (Fig. 1). Another possihility is the approximation of the 
process hy a pure second ord('r ('I(~ment. i.e. by a model with the transf"r 
function 
G(s) 1 
1 s~ T~ 
(1) 
where wo=LT is the natural freLjllency. A mcthod for the determination of tIlt' 
time constants of ovcrdamped (; /" ]) "ystPIllS of second order was deYdoped 
by OLDE?\BOVRG and SARTORI vs [4] and an approximation for underdamped (: < 1) systems was suggested by S::mTH and l\1VRRILL [5]. As most controlled 
processes are multi-time constant systems or contain also elements ,,-ith 
dead time, the hest simple approximation is offered by a model second order 
with dead time, i.e. 
G(s) = (2) 
A l11.ethod for the determination of the parameters of such an approximatiye 
transff'r function was deyeloped hy J. R. yIEYER et a1. [6]. 
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The purpose of the present study is to give a precalculated set of curves 
in the form of nomograms, by extending the above mentioned methods. The 
parameters of the approximative transfer function (2) are easily determined by 
the presented graphs. 
The application of the method will be demonstrated hy numerical exam-
ples. The deviations hetween the frequency responses of the original proceS5es 
and of the approximative models will he studied. 
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H. The proposed method 
The first step when approximating the measured unit-stl'p response of 
the unknown system is to determine the dead time. The method was deyeloped 
by Cox et a1. [7]. The dead time may he determined on the ba;;is of Fig. :2 
as follows: 
1. A tangential line i5 drawn through the infl{'ction point of the unit-5tep 
response 
:2. At a certain time t 1 the time axis is intersected hy this tangent. Let 
the value of the unit-step response at time t1 he t:(t1)' 
3. A straight line is drawn parallel with the tangent through the point 
r*(t 1 ) = 2.718 *1)' 
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4·. The dt'ad time TD is cut out on the tin1\' axis hy this parallel straight 
line. 
The Eccond step is to determine the parameters of the transfer fUllction 
of second order expressed by (1). The approximatiye system given in this way 
eontains both the nndt'rdamped : / 1 and the oyerdamped ~ > 1 cases. so 
no special provision is required for this distinction in the following treatll1pnt. 
Fig. 3 shows the unit-step responses plotted for different yalues of ~. 
By the transient responses the values ti Wo and t]C0o may be determined. 
These yalues belong to the IOi, and IOj percentage values of the steady state 
transient response yalue. In our study the yalues i = 1,2,3 and j 5,6,7,3.9 
Wl'l'(' chosen in correspondence with the values of 10%, :20~0, 300~ and 50° 0 : 
60~o' 70° 0 , 30° Cl 90°0' respeetinly. 
_-\.. ratio t[Wo/tjOJ o tdtj depends only on :, but is indtpendent of WO' By 
plotting the ndues t/u(J and ~ vs. the quotient ti/tj in logarithmic scale we oh-
tain the set of curves shown in Figs 4,5.6. The parameters of the model approxi-
mating tIlt' llllkno,nl system an' dett'rmined on tht' basis of the CUlTes as 
follows: 
The pair of values ti aud ti are determined on the basis of tIlt' unit-st"p 
!'I'sponse to he approximated. tlwll the quotient ti/tj i" l'yaluated. On tIlt' hai'i~ 
of the Tatio tiit; the damping factor of the approximating model may Ill' ddn-
mined directly by Figs 4, 5. 6 and its natural frequency fro111 the yalue [/')0' 
To en>ry quotient tdtj the coherent ~ and C')o yalues referring to an approxi-
matiye model of second order arl' determined, Taking into account all th,' 
possihilities in this way. 3 5 15 approximations may lw ohtained altogethf>r 
by Figs 4. 5, 6, From tht'sf' approximations the Il105t appropriatl' OIl,' 1l1l!~t 1)<' 
('host'n. 
HI, Illustrative examples 
Example 1. 
Ll't us a;;SU!11,' that tilt' tl'all~ff'!' fUIlction of till' proel'ss to hp id"nlifip,( 
has three difff'l'pnt time constants: 
G(s) 1 
(1 sT,,) (1 ~ sTc) (1 
Lpt us aSSUll1l' that the lillll' C01l5tant" Ta == 0.5 :-ec, To 1 scc aud T .) 
Sf:C are known. The dead time of the approximating model is determinl'd on th.' 
hasi5 of the unit-step response hy the method described in Ch. II as 
T[l 0.32 sec. 
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Fig. :-. Approximation of a system or process of third order. Tu = 0.55; Tb = Is: T, = 2s. 
"LCnit-step response of the original process and of the approximative model obtained on the 
basis of the ttftj quoticnts 
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Fig. 8. Approximation of a system or process of third order. Ta 0.55; Tb = Is; Tc= 25. 
Unit-stcp response of the original process and of the approximativc model obtained on tht> 
basis of the t~/t j quotients 
viii 100 1-_________ . ___ -=::::;;;;;:;""'"" ..... ~ ______________ _ 
[%] 1 
50 --- or(gina/ 
- - -- approximation 
o+-~ ______ ~ __________ ~ __________ ~ ________ ~ ____ _ 
°Ta 5 10 15 20 tlsecJ 
Fig. 9. Approximation of a system or process of third order. Ta= 0.55; Tb = Is; Tc 2s. 
Unit-step response of the original process and of the approximative model obtained on the 
basis of the t alt j quotients 
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~ow the values ti and tj are determined also from the transient response taking 
into consideration that the approximation of second order starts from the 
instance T[) = 0.32 sec, i.e. 
'where Ti and T j are two time moments read of the unit-step response to Le 
approximated, rcaching 10i and 10j percent, resp., of the steady state value. 
After evaluating the quotient ti/t j the values (00 and ~ were determined by Figs 
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Fig. 10. Approximation of a system or process of third order. Ta 0.55; Tb = Is; Tc = 2s. 
BODE-diagrams of the original process and of the approximative model obtained on the basis 
of the tdl) quotients 
4, 5, 6. The values Wo and; are summarized in Table 1. Figs 7, 8, 9 show some 
of the original and the approximative curves denoted by asterisks in the table 
for demonstration. It is seen that the best approximation is given by the mo-
dels, whose parameters are obtained from the set of curves t3/tj (Fig. 6). 
This statement is also born out by the results obtained from the BODE-
diagrams (Figs 10, 11. 12). Here the amplitude L(w) = 20 log I G(jw) I and 
the phase diagram q;(w) tan -1 [ImG(j w)/ReG(j w)] are shown in the usual 
single logarithmical plots (BODE-diagrams). On the basis of these graphs 
the gain margin belonging to the phase margin of cri = 30° were also determin-
ed. It is seen by these data that the gain margin of the approximative models 
surpass by about 100; those of the original system. 
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Fig. 11. Approximation of a system or process of third order. Ta = 1J.5.~: Tb Is: T,. = 2". 
BODE-diagrams of the original process and of the approximatiye model obtained on tht> hasi-
of the t2tj quotients 
Table 1 
'i['J til'J t;/t} I;c'),) ,,[I,-J 
(J.B:) ;; ., - 0.:307;; .") .") 0.81.'; 1 ', .. _.)0 
0.8:1 (, 3.~8 O.2S3 2.6.') \1.808 1 .,., ,.)-
0.83 3.98 0.208,) 3.1.:; 1).792 1 ., .. ) 
1 u.8;~ 8 ·1..38 u.169; :3.S:i 0.787 1.24 
1 0.83 9 b.3S 0.13 ., 0.781 1.2 
" 1.31 
., - (I.-!8; :2.u:3 0.7-1,8 1.2.1 ,,~ 
2 1.31 6 3.28 0.39% 2.·{3 U.7·Q l.~ 
2 1.31 7 3.98 0.329:3 ~.9;; 0.7 cl Ll8 
2 1.31 8 -1.38 0.268 3.6 0.7:37 l.l;'; 
2 1.31 9 6.38 0.20.) -1.7.5 U.74A 1.1:3 
3 1. 78 ;; 2.7 0.659 1.9 0.70·~ 1.1 
3 1.78 6 3.28 0.543 2.3 0.702 1.13 
3 1,78 3.98 0.H7 2.78 0.698 1.1:2 
.3 1. 78 8 4.88 0.36-! 3,4 0.696 1.11 
9 
cl 1 -n .10 9 6.38 0.2785 -!A 0.69 l.03 
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BODE-diagrams of the original process and of the approximative model obtained on the basis 
of the t3/tj quotients 
Example 2 
Whereas in the previous example the time constants of the system were 
close to each other, In this example they are distant from each other. 
Be 
Ta = 0.1 sec. Th = 1 sec, Tc 10 sec. 
Table 2 
'ifs] 'i[s] ti/tj tjw;:j ",,[lIs] 
1.8 .:; 7.8 0.2308 3.46 0.443 2.42 * 
1 1.8 6 10 0.18 ·1,,35 0.435 2.35 
1 1.8 13 0.1385 5.8 0.4-16 :U.:; 
1.8 8 17 0.1058 1.0.:; 0.415 2.::l 
1.8 9 2Ll 0.07-17 10.6 0.439 2.:;;; 
2 3.1 7.8 0.3973 3.1 0.397.1 2.21 
2 3.1 6 10 0.31 -1,,05 0.40.1 2.2 
2 3.1 7 13 0.2386 5.5 0.42.3 2.:;,1 
2 3.1 8 17 0.1825 6.8 0.4 2.16 
2 3.1 9 24·.1 0.1285 10.2 0.42:1 2.2 
3 -1.4 1.8 0.567 3.2 0.41 2.2 
3 -1.4 6 10 0.4-1 -1 .) 0.42 2.2:; 
3 4.4 7 13 0.3382 5.6 0.431 2.3 
3 -1.4 8 17 0.2588 0.-112 2.2 
3 -1.4 9 24.1 0.1825 10 0.415 2.2':; " 
() Pt'riodic;:\ Polytt'chnica El. 13/1-~ 
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The dead time is determined from the unit-step response as T D = 0.2 sec. 
Table 2 shows the values Wo and!; obtained from Figs 4, 5, 6 on the basis of 
the ti/tj quotients. 
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Fig. 13. Approximation of a system or process of third order. Ta 0.15; Tb = Is; Te 105. 
Unit-step response of the original process and of the approximative model obtained on the 
basis of the tlltj quotients 
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Fig. 14. Approximation ~f a ~ystelll or process of third order. Ta = O.ls; Ta = Is: Te 10" 
U~it-step response of the original process and of the approximative model obtained on the 
basis of the t"ltj quotient,; 
The original and the approximation curyes v(t) are shown in Figs 13, 
14, 15, the BODE-diagrams in Figs 16, 17, 18. On the basis of these diagrams 
it may be established that the gain margin of the approximation cun-e is only 
90% of that of the original curye, so we are now on the safe side. 
On the basis of both examples referring tu systems wit h three time con-
stants it may be established that the best approximation is giyen by the modeh 
of second order ·with dead time obtained from Fig. 6 with the help of the quo-
tients t3ft). The closer the time constants of the unkno·wn systems are to each 
other, the better the approximation. But care is bidden by the fact that III 
such cases the gain margin may appf'ar to be higher than it is in reality. 
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Fig. 15. Approximation of a system or process of third order. Ta = O.ls; Tb= Is: T, 10s. 
Unit-step response of the ori~dnal process and of the approximath-c model ohtained on tu 
basis of the t ~!tj quotients 
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Fig. 16. Approximation of a system or process of third order. Ta O.ls; Tb = Is; Tc = 10s. 
BODE-diagrams of the original process and of the approximative model obtained on the basis 
of the ttftj qlJ.otients 
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Fig. 17. Approximation of a system or process of third order. Ta= 0.15; Tb Is: Tc 10s. 
BODE-diagrams of the original process and of the approximative model obtained on the basis 
of the t~/tj quotients 
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Fig. 18. Approximation of a system or process of third order. Ta 0.15: Tb = Is: Tc = 10s 
BODE-diagrams of the original process and of the approximative model obtained on the basis 
of the t3/tj quotients 
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Example 3 
The previous examples represented investigations of overdamped systems. 
Let us examine now an underdamped system given by the transfer function of 
1 G(s) = ---------(1 + 2C sT S2 T'l)2 
-with; = 0.7 and T = 2 see. The dead time is determined frGm the unit-step 
response as T D = 2 sec. Table 3 contains the values Wo and C determined on 
the basis of the tilt; quotients from Figs 4, 5, 6. The original and the approxima-
tion v(t) curves are shown in Figs 19, 20, 21 and the BODE-diagrams in Figs 
22,23, 24. These figures show that good approximations are obtained, with 
t he exception of the one based on the quotient t llt5• 
The study of the unit-step response in the vicinity of the maximulll over-
shot shows that the best approximations are obtained OIl the hasis of the 
quotients t21tj and t3ltj. From the BODE-plots it is also seen that the gain 
margin is greatest in the ease of an approximation ohtained on the hasis of 
the quotient ts/tj. The original curve (((w) is approximated best hy the curve 
Cfa(w) in this ease. 
Table 3 
'i[S] 'i[s] ti!tj "",[1/5] 
1.55 .3 4.4 0.3524, 0.409 1.02 
1 1.55 6 5 0.31 0.404 0.91 
1 1.55 -;- 5.7 0.272 2.228 0.4 0.87 
1 1.55 8 6.45 0.24·05 ~ ---.;);) 0.3955 0.8 
1.55 9 7.4 0.2092 2.94 0.3972 0.71 =l~ 
2 2.4.5 ;) ·JA 0.557 1..56 0.3543 0.76 
2 2.45 6 5 0.4.9 1.76 0.352 0.687 
2 2A5 5.7 0.4.3 2 0.3508 0.68 
2 2A5 8 6.45 0.38 2.25 0.349 0.65 
2 2A5 9 ,.4 0.3312 2.56 0.346 0.64, * 
3 3.15 .5 4,A 0..116 1.5 0.34,1 0.67 '* 
3 3.15 6 5 0.63 1.7 0.34· 0.63 
3 3.15 7 5.7 0.553 1.91 0.335 0.625 
3 3.15 8 6,45 OA85 2.2 0.34·1 0.62 
3 3.15 9 7.4 0.426 2.5 0.3379 0.6 
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Fig. 19. Approximation of a :;ystem or process of fourth order. Unit-step response of th~ 
original process and of the approximative model obtained on the basis of the Idt j quotient:; 
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Fig. 20. Approximation of a system or process of fourth order. Unit-step re~ponse of the orig-
inal process and of the approximative model obtained on the basi, of the 12ft; quotients 
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- - - - appro;{imaHon 
20 t (sec! 
Fig. 21. Approximation of a system or process of fourth order. Unit-step resopnse of the orig-
inal process and of the approximative model obtained on the basis of the t:Jtj quotients 
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Fig. 22. Approximation of a system or process of fourth order. BODE-diagrams of the original 
process and of the approximative model obtained on the basis of the ttftj quotients 
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Fig. 23. Approximation of a system or process of fourth order. BODE-diagrams of the orig-
inal procpss and of the approximative model obtained on the basis of the t2ft j quotients 
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Fig. 24. Approximation of a system or process of fourth order. BODE-diagrams of the orig-
inal process and of the approximative model obtained on the basis of the t3/tj quotients. 
IV. Conclusions 
1. The approximation of the unit-step response of a process depends OIl 
the relative positions of the time constants in the original system. The gain 
margin of the approximating model may be either smaller or greater than that 
of the original system as shown by the examples. 
2. The best approximation (in the vicinity of the phase margin of 30 2 ) 
is given by the models obtained on the basis of the quotients t:1/tj' approximat-
ing either underdamped or overclampcd processes. 
3. The approximation is greatly influenced by the precision of reading 
of the values ti and t j off the unit-step response curves, a lllaj or source of f'rror 
of the approximations based on the quotients t t/tj. 
4. An error is caused also by the fact that by the construction method 
used for the determination of the dead time on the basis of the available unit-
step response, the dead time is given with a broad scattering. This error may be 
considerahly suppressed if it is possible to choose a low value time scale for 
the unit-step response. 
On the basis of all the above it may he stated that the approximation 
is applicable in the cases of hoth underdamped and oyerdamped systems. It 
is mostly advisable for the investigations to be carried out with approximations 
obtained on the basis of the t:3/tj quotients. 
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Summary 
The determination of the approximative transfer function of a model function of a 
system applying precalculated nomograms is described. Thc method is based on the approxi. 
mation of the process by a unit·stcp response of second order with dead time. 
The determination of the approximation parameters is demonstrated on examples. 
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